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Equation (11), together with Eqs. (10) and (12), gives the
solution for Eq. (1).

An example with nonlinearity parameter e = 0.2 is worked
out for various values of 7IT. In Fig. 1, time-displacement
relations are plotted for nonresonance solutions for various
values of T/T, with ultraspherical polynomial index \=l/2. It
is seen that the method gives results which compare well with
numerical solution, obtained by using a Runge-Kutta fourth-
order algorithm on the PACER 600 computer. The linear
solution is also plotted in Fig. 1.

Limitation of the Approximation Method
The approximation method fails to give accurate results for

resonance solutions. For the values of r/T= Ys, !/2, and Y&, it
fails to give even qualitative results; for r/T=3A and 7s, it
gives quantitatively wrong results. In Fig. 2, time-
displacement relations are plotted for resonance solutions for
various values of T/ T.

In Fig. 3, first peak and time taken to reach first peak are
plotted vs 7IT. For nonresonance solutions, results are taken
from approximate solution and for resonance solutions, it is
taken from numerical solution. It is seen that maximax
response occurs at about r/r=0.7.

Conclusions
1) The method of ultraspherical polynomial approximation

gives good results for nonresonance solutions.
2) It completely fails at and around resonance, that is, at

r/r=0.5.
3) The maximax response occurs at about r/T=0.1.
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Low-Frequency and Small Perturbation
Equation for Transonic Flow

Past Wings
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Introduction

MOST methods for transonic flow calculations for ar-
bitrary lifting wings and moderately complicated wing-

fuselage combinations use transonic small perturbation
theory, but differ in model equation.1 Their shock relations
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have been investigated in Ref. 1 and compared with that of
full potential equations and the Rankine-Hugoniot relation. It
is apparent from the comparison that the equation used in
NLR is the best of the methods for the calculation of flows
with shocks past finite wings. Couston and Angelini2

presented an original approach to derive a two-dimensional,
low-frequency small perturbation equation and its
corresponding boundary condition which avoids some of the
arbitrariness of the equation used in Ref. 3 by using the
concept of weak solution. Recently, Schmidt4 formulated a
self-consistent transonic small disturbance equation and
boundary condition along the same line as that in Ref. 1.
Making the approximations at the functional level and using
the concept of weak solution as was done in Ref. 2 for a two-
dimensional case, the present Note gives the small per-
turbation equations and the boundary conditions for
moderate aspect ratio finite wings. The corresponding
modifications for large aspect ratio and low aspect ratio
slender wings can be carried out from the order of magnitude
of different terms in different cases.

Derivation of Small Perturbation Equations
Consider a three-dimensional unsteady potential flow past

an arbitrary wing in a Cartesian coordinate system X, Y, and
Z. The X axis coincides with the freestream direction Y along
the spanwise direction, and Z is perpendicular to the X-Y
plane to form a right-handed system with the origin at the
leading edge of the root chord. The equation for the con-
servation of mass in terms of the velocity potential $ and
density p can be written as

dp —+*-^ +div(pgrad$) =0
ot

The Bernoulli equation gives

at T-7
cl=0

(1)

(2)

where y is the ratio of the specific heats, cx is the speed of
sound at infinity, U^ is the freestream velocity, and / is the
time.

The desired solution should have the property that $ and its
first derivatives are piecewise continuous, satisfying the mass
conservation law [see Eq. (1)] at points where the flow is
smooth together with a jump condition across a discontinuity.
That is to say, $ should be the weak solution of Eq. (1). In-
terest is restricted to the solution of periodic flow motion with
small amplitude. For any periodic test function \l/, the weak
equation corresponding to Eq. (1) is written

f ( ( ( (p —- dXd FdZd/~= 0 (3)

The solution of Eq. (3) will satisfy Eq. (1) in the weak sense
and the jump conditions across any discontinuity.5 Consider
the functional

( P / P o o ) 7 - / dXdYdZdt

where, from Eq. (2),

(4)

(5)

It can be shown that the Gateaux-difference

i= l im ——————-=—————— (6)
\^0 L 2K J
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corresponds to the left-hand side of Eq. (3). Then, the
problem becomes

d£(3>)=0 (7)

It is known that the best approximations are often obtained
at the level of the functional. Since a small perturbation
approach is of interest here, a perturbation potential 4> is
defined as

(8)

(9)

The velocity components are now

u=U(X+(t)x, v = (t>

such that <t>x, </>r, </>z are all small.
Define a typical wing chord of length unity, such that the

condition <t>x< 1 implies 4>< 1. Introduce two lengths b and c
in the Y and Z directions, respectively, and the new non-
dimensional quantities as

X=x, Y=by, Z = p, t=UQOKt, p =

where K= w/Ux is the reduced frequency.
Equation (5) can be written in the form

(10)

(11)

Expanding Eq. (1 1) in a Taylor series with respect to the small
quantity a, making use of the conditions

(12)

and retaining the terms up to second-order,6 Eq. (7) becomes

+3(1 -

(13)

assuming the reduced frequency K to be small.
Calculating the Gateaux-difference [see Eq. (6)] and going

back through all the processes up to Eq. (3),

_ _ 2
dx dx2 °° dy dxdy

_ 2
°°

dx2

82<p
dz dxdz

is reached with
(14)

(15)

If the region of the flow is bounded by a surface at infinity
and the surfaces defined by B(xfy,z,t) =Q, then the first
integral can be converted to a surface integral by using the
divergence formula. Now, the integrands are the product of
the test function \l/. The small perturbation form of the true
potential $ will satisfy two integrals simultaneously for the
arbitrary test function \[/. So, <p should satisfy

——
dydxdy

from the second term and

from the first term.
For a three-dimensional wing, the surface B(x,y,z,t)=Q

consists of the wing surface H(x,y,z,t) =0, the wake
W(x,y,z,t)=Q, and the shock S(x,y,z,t) =0. So from Eq.
(17), the boundary condition on the wing surface becomes

dt

<•»>
where tana and tan/3 are local instantaneous airfoil slopes in
the x and ^directions, respectively, andH=z — h(x,y,t) is the
function describing the wing surface.

If we assume the mean position of the wake to be on the
plane z - 0, then from Eq. (17) it follows

d+ —

2 °°\dy 2 ao\dz across the wake

across the wake
09) t

where the symbol < > indicates the jump.
Since there is no pressure load on the wake and < Wt > = 0,

d(p/dz is continuous across the wake.
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Similarly, if cosc*5, cos/3s and cos75 are the direction cosines
of the shock surface with respect to the x, y, and z axes,
respectively, then the jump condition across the shock
becomes

d<p

(20)

The equations previously derived are for general three-
dimensional finite wings.

Equation (16) can be further simplified for wings of aspect
ratio of the order of one, or of any aspect ratio but ap-
preciable sweep. Following exactly the analysis given by Hall
and Firmin,6

2KML dxdt = [l-Ml- \<px]<px

(21)

For Z?^oo, i.e., for a flow approaching that past a two-
dimensional airfoil, ^y —0 and <py<pxy-+Q, while <PZ<PXZ
( ~e2/c2) <<pzz( ~e/c2) and the equation reduces to

(22)

Equation (21) is the same as was taken by Hall and Firmin6

except for the value of X, where it was taken as

(23)

The Eq. (22) has been studied in Ref. 2. The steady-state
equation corresponding to Eq. (16) with the same value of X
has been studied in NLR (Ref. 1), where the cross terms <pz<f>xz
and <PX<PZZ, which are permissible for large aspect ratio wings
or wings with very low sweep have been neglected.
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Similarity Rule for
Sidewall Boundary-Layer Effect

in Two-Dimensional Wind Tunnels

Richard W. Barn well*
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Introduction

THE interference which the walls of a wind tunnel exert on
the flow in the tunnel has long been a subject of concern

and study. In the case of the two-dimensional or nearly two-
dimensional wind tunnels which are used to test airfoils, the
interference effects caused by the sidewalls are substantially
different from those caused by the upper and lower walls.

The interference caused by the upper and lower walls of
two-dimensional wind tunnels is primarily inviscid. The
principal modification made to the upper and lower walls to
relieve interference is ventilation with holes (pores) or
longitudinal slots to relieve blockage effects. A summary of
analytical methods which have been developed to predict
blockage and lift interference effects in subsonic tunnels with
closed, open, and ventilated upper and lower walls is given in
Ref. 1.

The origin of sidewall interference in two-dimensional wind
tunnels is viscous. The two sidewall interference problems
which have received the most attention are the flat-plate-type
growth of the sidewall boundary layer and the separation of
the sidewall boundary layer due to large model-induced
pressure gradients. Very little attention has been paid to the
intermediate problem of the interaction of attached sidewall
boundary layers with model-induced pressure gradients.
Recently, experimental results were presented in Refs. 2 and 3
which can be used to evaluate this effect quantitatively. In the
present paper, a simple analysis is presented which results in a
similarity rule that relates compressibility and the interaction
effect of the sidewall boundary layer to the model-induced
pressure field. It is shown that this similarity rule is consistent
with the relevant data in Refs. 2 and 3. An earlier version of
the present study is given in Ref. 4.

Analysis
Consider steady, isentropic, small-perturbation flow in a

nominally two-dimensional airfoil wind tunnel. Let the
Cartesian coordinates in the freestream, normal, and
spanwise directions be x, y, and z, and the respective velocity
components be u, v, and w. The effective tunnel width is b —
26* where b and 5* are the tunnel width and the sidewall
displace thickness. It is assumed that 6* can vary slightly with
respect to x and y, and that the boundary conditions for the
airfoil model and the upper and lower walls are independent
of z. It is also assumed that the tunnel is narrow enough for
flow at each sidewall to be strongly influenced by the other
sidewall boundary layer. To lowest order, the spanwise
velocity component in this tunnel varies linearly with the
spanwise coordinate z as

2uz dd*
(1)
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